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First we prove that, if an incomplete orthogonal array (1, r, S, k, t) does exist, 
then s > (r - f  + 1)k. Next, we establish a relation between the existence of incom- 
plete orthogonal arrays and the existence of orthogonal arrays. From this relation, 
we may bring out the upper bounds of the maximum number of contraints. 
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This paper investigates a generalization of the classical incomplete 
orthogonal arrays which are a particular case of the incomplete orthogonal 
arrays defined below. In [2], Horton proved that if an incomplete 
orthogonal array (1, r, s, k, 2) does exist, then s > (r - 1)k. In this paper, 
we prove that if an incomplete orthogonal array (1, r, s, k, t) does exist, 
then s > (r - t + 1)k. Theorem 3 gives the upper bounds of the maximum 
number of contraints. 
DEFINITIONS. Let (q) be a (r x N)-matrix with entries chosen from the 
set E= {e,, e2,..., e,}. Let F be a k-subset of E and (P) the following 
property: 
the columns of every (t x N)-submatrix (f < r) of (a,) are the elements of E’- F’, 
each repeated exactly 1 times. 
A matrix (a9) satisfying (P) is an incomplete orthogonal array of strength 
t, index 1 and of r constraints. We design such an incomplete orthogonal 
array by the five integers (A, r, s, k, t). We remark that N= n(s’ - k’). 
Remark. If an orthogonal array (J., r, s, t) with an orthogonal subarray 
(2, r, k, t) exists, then an incomplete orthogonal array (1, r, s, k, t) exists. 
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But if an incomplete orthogonal array (A, r, S, k, t) exists, it does not imply 
the necessary existence of an orthogonal array (A, r, s, t) nor of an 
orthogonal array such as (A, r, k, t). For instance, we know that there is an 
incomplete orthogonal array (1,4,6,2,2) even though there is no 
orthogonal array (1,4,2, 2) or (1,4,6,2). 
The following theorem generalizes the inequality proved by Horton [2] 
in which t = 2. 
THEOREM 1. If, in the case of t > 2, an incomplete orthogonal array 
(l,r,s,k,t)exists, thensa(r-t+l)k. 
Let F be the complementary to F in E. Let T,- 2 be the set of columns 
(x, , x1,..., x,) belonging to the incomplete orthogonal array so that x1 E F, 
x2 E F, and xi E F, Vi = 3 ,..., t. Let T,- 2,0 be the set of columns 
(Yl? Y2F3 y,) so that y, E F, y, EF, yje F, Vi= 3 ,..., t, and yje F, 
Vj= t + l,..., r. Let T,- 2 1 (I= 1, 2 ,..., r - t) be the set of columns 
(Zl, z 2,..., z,) so that z,E’F, z*E~, zi~F, Vi=3 ,..., t, zjeF, Vj=t+l, 
t + 2,..., t+f-1, t+l+l,..., Z,+/ E F. Then card( T,- 2,,) = k’- ‘(s - k), 
T t ~ 2.1, c--, T, - 2.12 = 0, VI, z 12, (1) 
T,-z= L,ou(;~; 7’~). (11) 
(I) and (II)+card TtP2=card T,- 2,0+(r-t)kf-1(s-k) and card T,-,, 
= krP2(s - k)2 - (r - t) k’-‘(s - k) 2 0 which implies s-k - (r - t)k > 0. 
The next theorem is analogous with a theorem already proved in (4) 
about orthogonal arrays: “the existence of s disjoint transversals of an 
orthogonal array (1, r, S, t) is equivalent to the existence of an orthogonal 
array (1, r + 1, s, l).” We are not expected to bring the proof of this 
theorem, which would be very simple indeed. 
THEOREM 2. If an incomplete orthogonal array (1, r, s, k, t) exists, then 
(s-k) disjoint orthogonal arrays (1, r - 1, s, t - 1) exist, as well as k disjoint 
incomplete orthogonal arrays ( 1, r - 1, s, k, t - 1). Inversely, if an incomplete 
orthogonal array (1, r, s, k, t) is the disjoint union of (s-k) orthogonal 
arrays (1, r, s , t - 1) and of k incomplete orthogonal arrays (1, r, s, k, I - 1) 
then a row can be added to the incomplete orthogonal array (1, r, s, k, t) so 
as to obtain an incomplete orthogonal array (1, r + 1, s, k, t). 
Now, we use Theorem 2 in order to give some upper bounds of the 
maximum number of contraints f( 1, s, k, t) in an incomplete orthogonal 
array (1, r, S, k, t). Theorem 2 proves that the existence of an incomplete 
orthogonal array (1, r + 1, s, k, t) implies the existence of an orthogonal 
array (1, r, s, t - 1). Considering results (1 ), we deduce 
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THEOREM 3. (l)Zfs<t, thenf(l,s,k,t)<t+l 
(2) Zfs>tandseuen, thenf(l,s,k,t)<s+t-1 
(3) Ifs>tandsodd, thenf(l,s,k,t)<s+t-2. 
We are able to add something to Theorem 3 by taking into account our 
results on the construction of orthogonal arrays using finite groups [3]. 
THEOREM 4. IfsGtandifkisafactorofs, thenf(l,s,k,t)=t+l. 
In fact, we know that if G is a finite group, then { (gi,, g, ,..., g,,, 
IYIj=l gG)> vgi,EGI is an orthogonal array T( 1, t + 1, s, t). If K is a sub- 
group of G, then { (Ui,, ui *,..., ui,, n;= i ui,), Vu, E K} is an orthogonal sub- 
array T,( 1, t + 1, k, t) of T. Consequently the set T- T, of columns belong- 
ing to T and not belonging to T, is an incomplete orthogonal array 
(l,t+l,s,k,t). 
Then, we build G in the following way: 3 K of order k, 3 H of order 
h = s/k. G = K x H is of order s and K is a subgroup of G. We can then use 
G and construct an incomplete orthogonal array (1, t + 1, s, k, t). 
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